We study lepton mixing patterns which are derived from finite modular groups Γ N , requiring subgroups G ν and G e to be preserved in the neutrino and charged lepton sectors, respectively. We show that only six groups Γ N with N = 3, 4, 5, 7, 8, 16 are relevant. A comprehensive analysis is presented for G e arbitrary and G ν = Z 2 × Z 2 , as demanded if neutrinos are Majorana particles. We discuss interesting patterns arising from both groups G e and G ν being arbitrary. Several of the most promising patterns are specific deviations from tri-bimaximal mixing, all predicting θ 13 nonzero as favoured by the latest experimental data. We also comment on prospects to extend this idea to the quark sector.
Introduction
The origin of fermion mixing is one of the most fascinating unsolved problems of particle physics and the unexpected difference between quark and lepton mixing is very puzzling. The Cabibbo-Kobayashi-Maskawa (CKM) mixing matrix V CKM is numerically close to the identity matrix [1] , i.e. up and down quark mass matrices are only slightly misaligned in flavour space. On the contrary, all entries of the Pontecorvo-Maki-Nakagawa-Sakata (PMNS) mixing matrix U P M N S are of order one, with the exception of U e3 , see [2] [3] [4] and [5] [6] [7] , indicating a substantial misalignment of charged lepton and neutrino mass matrices. The lightness of neutrinos suggests their Majorana character, an important feature still waiting for experimental confirmation. This feature might play a key role in explaining the difference between quarks and leptons. Searching for an explanation of the observed fermion mixing patterns it is plausible to consider a limit in which such patterns become simple. For instance, V CKM equals the identity matrix in a rough approximation, a feature which can arise from a symmetry or dynamical property the theory possesses in a certain limit. If small corrections to such a limit are taken into account, the experimental data can be accommodated.
Several simple patterns for the PMNS matrix have been determined and a possible explanation of their origin has been formulated in terms of discrete flavour symmetries present in the underlying theory, for reviews see [8] . As has been discussed in detail in the literature [9, 10] , a framework in which the misalignment between neutrino and charged lepton mass matrices is associated with the non-trivial breaking of a flavour symmetry is particularly interesting and predictive. The idea is as follows: the underlying theory is invariant under a flavour group G f while, at the leading order (LO), the neutrino and the charged lepton sectors are separately invariant under two different subgroups of G f : G ν and G e , respectively.
1 If left-handed leptons transform as a three-dimensional irreducible representation under G f , the lepton mixing can be fixed by the groups G ν , G e and their relative embedding into G f . In particular, the LO prediction for the mixing angles is independent of the parameters of the theory.
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If there are three generations of neutrinos and these are Majorana particles, the maximal invariance group of the neutrino mass matrix is a Klein group Z 2 × Z 2 [9, 12] . We thus set G ν = Z 2 × Z 2 and we choose G e to be a discrete group as well. In this case also the group G l generated by G ν and G e is discrete. Furthermore, we require that G l is finite, because in the case of G l infinite we are eventually able to accommodate any mixing pattern for leptons and thus this approach loses its predictive power. Usually G l does not coincide with G f , because additional factors are present in G f in order to reduce the number of operators allowed at LO, or to extend the construction to the quark sector. However, the lepton mixing, resulting at LO, is determined by G l and its subgroups G ν and G e .
Interesting mixing patterns arise from discrete groups G l such as S 4 and A 5 . For example, it is possible to generate patterns in which the atmospheric mixing angle θ 23 is maximal and the reactor mixing angle θ 13 vanishes. They only differ in the value predicted for the solar mixing angle: sin 2 θ 12 = 1/3 for tri-bimaximal mixing [13] , sin 2 θ 12 = 1/2 for bimaximal mixing [14] and tan θ 12 = 1/φ with φ = (1 + √ 5)/2 for the so-called golden ratio mixing [15] . The first two are derived from S 4 , see [16] and earlier [17, 18] , 3 while the latter is realized in models employing A 5 as flavour symmetry [20] . Small corrections to these patterns can lead to a good agreement with the present data.
The scenario outlined is not the most general one: in concrete models G ν and G e might be partly or entirely accidental with no link to the underlying flavour symmetry G f , see e.g. [19, 21] . Moreover, at LO the mixing angles are determined from group theory alone and thus no direct relation between masses and mixing angles is obtained, contrary to what might be expected in the quark sector, see e.g. [22] . This is one of the reasons why extensions to the quark sector are believed not to be straightforward. Nevertheless, it is important to explore the predictive power and advantages of such an idea.
An open question is whether new interesting mixing patterns for leptons can arise by extending the list of possible groups G l . In this paper we provide a partial answer by analyzing the infinite sequence of groups Γ N to which A 4 , S 4 and A 5 belong. Indeed, these groups can be generated by two elements S and T satisfying the relations S 2 = (ST ) 3 = T N = E with N = 3, 4, 5 for A 4 , S 4 and A 5 , respectively (E denotes the neutral element of the group). The naive extension of this sequence to the case N > 5 leads to infinite discrete groups [23] , that are less attractive from the model building point of view and that we exclude from our analysis. A restriction to finite groups can be achieved by considering the so-called finite modular groups Γ N (N > 1 integer), subgroups of the inhomogeneous modular group Γ. The groups A 4 , S 4 and A 5 are isomorphic to Γ N for N = 3, 4, 5 respectively. By choosing G l as Γ N (or as an appropriate subgroup of Γ N ), we identify all associated lepton mixing patterns. The requirement that the group possesses three-dimensional irreducible representations, needed to accommodate left-handed lepton doublets, reduces the number of cases considerably and a comprehensive analysis can be performed by considering the six groups corresponding to N = 3, 4, 5, 7, 8, 16 . In doing so, we determine the subgroups Z 2 ×Z 2 , all relevant candidates for G e and the resulting mixing patterns. In a separate publication [24] we have already presented two specific mixing patterns that are of particular interest in the light of the recent results of the T2K [2] , MINOS [3] and Double Chooz [4] collaborations, because they predict θ 13 ∼ 0.1 ÷ 0.2. After having studied all cases for G ν = Z 2 × Z 2 , we also discuss promising patterns for any possible choice of G ν and G e and we comment on the applicability of this idea to the quark sector.
The structure of the paper is as follows: in section 2 we summarize important results about finite modular groups and their representations. In particular we show that the groups relevant for our discussion are Γ N for N = 3, 4, 5, 7, 8, 16 . In section 3 we first state our assumptions and then we derive for each group the mixing patterns arising from G ν = Z 2 × Z 2 and any choice of G e . We present some interesting patterns obtained by relaxing the assumption that neutrinos are Majorana particles in section 4 and we comment on the possible extension of our analysis to the quark sector in section 5. Finally, we conclude in section 6. Two appendices are added containing further details on the groups.
Finite modular groups and their representations
As mentioned in the introduction, flavour symmetries containing the groups S 4 and A 5 (and, taking into account also accidental symmetries, A 4 ) can give rise to interesting lepton mixing patterns. They can be cast into a common presentation given in terms of two generators S and T satisfying:
with N = 4, 5 (N = 3), respectively, and E being the neutral element of the group. An obvious question is whether this presentation extends to other finite groups for N > 5. Without any additional requirement on S and T , the relations in eq.
(1) define in general an infinite group for N > 5 [23] . Though not excluded as candidates for a flavour symmetry, infinite discrete groups have the disadvantage that they can possess infinitely many irreducible representations of a given dimensionality, which makes them less appealing for model building. This fact is related to the argument given in the introduction that admitting infinite groups eventually allows to reproduce any mixing pattern. Thus, in order to extend the list of A 4 , S 4 and A 5 we follow a different approach: we note that these three groups are members of the infinite sequence of finite modular groups Γ N [25] and thus consider the latter in our study. One important requirement in our scenario is that the flavour group possesses three-dimensional irreducible representations to which the left-handed lepton doublets are assigned. In this section we thus discuss which finite modular group satisfies the latter condition and show that it is sufficient to consider only six groups Γ N with N = 3, 4, 5, 7, 8, 16.
Finite modular groups
The inhomogeneous modular group Γ is the group of linear fractional transformations acting on a complex variable z:
with a, b, c and d being integers and ad−bc = 1. Obviously, a transformation characterized by parameters {a, b, c, d} is identical to the one defined by {-a, -b, -c, -d}. As consequence, Γ is isomorphic to P SL(2, Z) = SL(2, Z)/{±1} where SL(2, Z) is the group of two-by-two matrices with integer entries and determinant equal to one. The group Γ can be generated with two elements S and T which fulfill [26] :
and are given by the transformations
They can be represented by the following two matrices of SL(2, Z):
We can generalize these groups by replacing integers with integers modulo N [25] . For a natural number N > 1 the group SL(2, Z N ) is defined as the group of two-by-two matrices with entries that are integers modulo N and determinant equal to one modulo N . Then the inhomogeneous finite modular groups
are defined by identifying matrices in SL(2, Z N ) which are related by an overall sign. For each N these groups are finite. The order of SL(2, Z N ) is [25, 26] 
with the product ranging over the prime divisors p of N . For N = 2, the matrices 1 and −1 are indistinguishable and therefore Γ 2 and SL(2, Z 2 ) are isomorphic: Γ 2 SL(2, Z 2 ). For N > 2 they are distinguishable and the order of Γ N is
In We investigate the series Γ N in the following. First of all, note that in general
is fulfilled in the groups Γ N . The smallest group Γ 2 is isomorphic to S 3 . For N = 3, 4, 5 the isomorphisms Γ 3 A 4 , Γ 4 S 4 and Γ 5 A 5 hold [25] . For N larger than five, however, the relations in eqs. (3) and (9) are not sufficient in order to render the group Γ N finite. We specify the additional relations after having determined the groups relevant for our analysis.
Irreducible representations of SL(2, Z N )
In this subsection we discuss the representations of the groups SL(2, Z N ) [27, 28] . Since it exists an homomorphism between Γ N and SL(2, Z N ) [25] , which is an isomorphism for N = 2, all representations of Γ N are also representations of SL(2, Z N ). We first recall the classification of the irreducible representations of SL(2, Z N ). In this way we obtain all representations of the group Γ N we are interested in, and additional representations that are eventually discarded. We distinguish the three possible cases for N (λ, λ p ∈ N) 1) N is prime.
2) N = p λ with p prime and λ > 1.
3) N = p p λp with p prime and λ p ≥ 1.
We start with case 1). As remarked before, if N = 2, we have Γ 2 S 3 , which has two one-dimensional and one two-dimensional representations, but no irreducible threedimensional ones. The dimensions d and multiplicities µ of the irreducible representations of SL(2, Z p ) where p is an odd prime are given in table 2. [27, 28] .
One can easily check that
gives the correct order of the group. We find that SL(2, Z p ) has three-dimensional irreducible representations only for p = 3, 5 and 7: one for SL(2, Z 3 ) and two for both SL(2, Z 5 ) and SL(2, Z 7 ), see table 2. Next, we consider the case in which N is a power of a prime, i.e. N = p λ . We separately discuss the following two cases: p is an odd prime and p = 2. In table 3 we list the irreducible representations d of SL(2, Z p λ ) with p > 2 and λ > 1, and the multiplicities µ of these representations. This table has to be read as follows: given an integerλ > 1, all groups SL(2, Z p λ ) with λ <λ are homomorphic to the group SL(2, Z pλ ) [27, 28] . It follows that the representations of SL(2, Z p λ ) with 1 ≤ λ <λ are also representations of the group SL(2, Z pλ ). The irreducible representations of SL(2, Z pλ ) are given by those of table 2 (λ = 1) and by those listed in table 3, with λ = 2, ...,λ. For instance, ifλ = 3 both possibilities λ = 2 and λ = 3 have to be considered when using table 3. Again, it can be checked that the order of SL(2, Z pλ ), using tables 2 and 3, is p
with eq. (7) . With the help of table 3 it is simple to prove that for p > 2 and λ > 1 there are no other three-dimensional irreducible representations, apart from those already given in table 2. This concludes the discussion for p > 2. The case p = 2 is more complicated and a separate discussion for each small λ is needed. Similar to the former case, also here the representations of SL(2, Z 2 λ ) are representations of the group SL(2, Z 2λ ) for 1 ≤ λ <λ. For λ > 4 there are no three-dimensional irreducible representations, different from those already induced by λ = 2, 3, 4 [27, 28] . In [27, 28] .
Lastly, we consider the case in which N is a product of primes
The group SL(2, Z N ) factorizes as
Since the three-dimensional representations of these product groups are constructed by using the three-dimensional representations of one of the groups and one-dimensional representations of all the others [28] , the cases in which N is a product of the form given in eq.(11) cannot give rise to independent three-dimensional representations.
In conclusion, all independent three-dimensional representations of the finite modular groups Γ N can be studied by considering the six groups SL(2, Z N ) (N = 3, 4, 5, 7, 8, 16) . We find 33 distinct irreducible triplets. From table 2 we see that one is associated with the case N = 3, two are related to the case N = 5 and two to N = 7. Moreover, using table 4, we count four irreducible triplets corresponding to N = 4, while in the case of N = 8 eight additional irreducible triplets are encountered and another 16 independent irreducible triplets are associated with N = 16. . Thus, we consider only 19 instead of 33 triplets. We list an explicit realization of the generators S and T for each Γ N in this subsection and argue why one such set is sufficient for deducing S and T for all irreducible faithful three-dimensional representations. In doing so, we choose a basis in which the generator T is represented by a diagonal matrix, see [28] .
In the case of Γ 3 A 4 , we choose the representation matrices ρ(S) and ρ(T ) for its irreducible triplet as
which satisfy the defining relations of A 4
The group Γ 4 S 4 contains two inequivalent irreducible triplet representations and we choose ρ(S) and ρ(T ) for one of them to be
fulfilling the defining relations of S 4
The generators of the second triplet are related to those in eq.(15) by a sign change, because the relations in eq. (16) are invariant under {S, T } → {−S, −T }. It is noteworthy that the group S 4 is isomorphic to ∆(24), i.e. it belongs to the series of SU (3) subgroups ∆(6n 2 ) with n = 2. In appendix A we explicitly show how the generators S and T are related to the generators a, b, c and d used in [29, 30] to define the groups ∆(6n 2 ).
Like Γ 4 S 4 also the group Γ 5 A 5 contains two inequivalent irreducible triplets and we choose ρ(S) and ρ(T ) for one of them to be
with φ = (1 + √ 5)/2. As one can check they fulfill the defining relations of A 5
Note that if the set {S, T } satisfies the relations in eq. (18) then also {T 2 ST 3 ST 2 , T 2 } does, leading in the case of a three-dimensional representation to a second independent representation. Consequently, a set of representation matrices ρ(S) and ρ(T ) for the other triplet can be immediately deduced from the matrices in eq. (17) . Γ 7 P SL(2, Z 7 ) has two irreducible triplets which are complex conjugated. We can choose for one of them ρ(S) and ρ(T ) as
with s k = sin kπ/7, fulfilling the defining relations of P SL(2, Z 7 )
Note again that for this group, as for all groups with N > 5, at least one additional relation is necessary in order to render the group finite. In the cases of Γ 8 and Γ 16 the admissible (four and eight) triplets are not faithful and thus we actually perform our analysis using the subgroups of Γ 8 and Γ 16 which are generated through the triplets. For Γ 8 the generated subgroup is of order 96 and can be identified as the group ∆(96) [29, 30] , see appendix A. The generator relations for S and
and we choose for one of the four triplets ρ(S) and ρ(T ) as
Note that for each set {S, T } which satisfies the relations in eq.(21) also {−S, −T } and the complex conjugate of S and T are solutions. This leads to four inequivalent faithful irreducible three-dimensional representations which form two complex conjugated pairs. Apart from these, ∆(96) has two unfaithful irreducible triplets which are not of interest in our analysis.
The relevant subgroup of Γ 16 with respect to which its eight triplets are faithful representations has 384 elements and it can be shown to be isomorphic to the group ∆(384). The latter can be defined in terms of two generators S and T which satisfy
We choose ρ(S) and ρ(T ) for one of the triplets to be
For each set {S, T } which satisfies the relations in eq. (23) also the sets {S, T n } with n odd (and smaller than 16) and {−S, −T } fulfill these relations. 6 As consequence, we find eight such triplet representations and also an explicit set of representation matrices ρ(g i ). The triplets can be grouped into four complex conjugate pairs. Apart from these the group also contains six unfaithful irreducible triplets which we do not use in the present study.
In the following section we discuss in detail the lepton mixing originating if the three generations of left-handed lepton doublets are assigned to one of the triplet representations introduced in this subsection.
Results for lepton mixing
We present our results for the mixing patterns which arise, if one of the groups discussed in the preceding section plays the role of the flavour symmetry G l . We apply the following constraints in our classification: a) left-handed leptons transform as faithful irreducible triplet ρ of the group G l , b) neutrinos are Majorana particles, c) the group G l is broken to G e and to G ν in the charged lepton and neutrino sectors, respectively. As a consequence the charged lepton and the neutrino mass matrices are invariant under the action of the elements g ei of G e and g νi of G ν
d) G ν is constrained to be (contained in) a Klein group by condition b). We choose the transformation properties of ρ under Z 2 × Z 2 such that it decomposes into three inequivalent singlets. This allows to distinguish the three generations. A degeneracy in the charges which are assigned to the three generations of lepton doublets would prevent us from determining the mixing pattern only through G e , G ν and G l .
e) G e is taken to be a cyclic group Z M with index M ≥ 3 or, if necessary, 8 a product of cyclic groups, e.g. Z 2 × Z 2 . We discard non-abelian residual symmetries G e , since their non-abelian character would result in a complete or partial degeneracy of the mass spectrum. For the same reason as in the case of G ν , we require that ρ decomposes into three inequivalent representations under G e . f) we only discuss cases in which the elements of G ν and G e give rise to the original group G l and not to one of its subgroups.
Lepton mixing originates then from the mismatch of the embedding of G e and G ν into G l as can be seen in the following way: we can diagonalize the matrices ρ(g ei ) and ρ(g νi ) with two unitary transformations Ω e and Ω ν
because both, G e and G ν , are abelian. The matrices Ω e and Ω ν are determined uniquely up to diagonal unitary matrices K e,ν and permutation matrices P e,ν , respectively,
From the requirement in eq. (25) it follows that Ω e also diagonalizes m † l m l and Ω ν the neutrino mass matrix m ν . Thus, the lepton mixing matrix U P M N S is, up to Majorana phases and permutations of rows and columns,
The mixing matrix U P M N S is thus determined through G e and G ν and their relative embedding into G l . However, it is determined only up to exchanges of rows and columns, because we do not predict lepton masses in this approach. Hence, the mixing angles are fixed up to a small number of degeneracies, associated with these possible exchanges. Also the Dirac CP phase δ CP is determined up to π, if the exchange of rows and columns is taken into account. At the same time, Majorana phases cannot be predicted, because they are related to the eigenvalues of the matrix m ν which remain unconstrained in this framework. Switching the roles of G e and G ν obviously leads to U P M N S being hermitian conjugated, see eq. (28) . Note that if a pair of groups G e and G ν is conjugated to the pair of groups G e and G ν under the element g belonging to G l , both pairs lead to the same result for U P M N S . Indeed, if Ω e and Ω ν diagonalize the elements of G e and G ν , respectively, ρ(g)Ω e and ρ(g)Ω ν diagonalize those of G e and G ν . In the preceding section an explicit realization for one of the faithful irreducible three-dimensional representations of each relevant group is given and it is shown how a realization can be obtained for the other triplets of the group as well. The relevant transformations are the multiplication of the generators with a sign, their complex conjugation or taking suitable products of the generators of the given triplet in the case of A 5 and ∆(384). Since the matrices ρ(g ei ) and ρ(g νi ) appear twice in the relations shown in eq. (25) it is obvious that a multiplication with a sign does not change the result for U P M N S . Regarding the application of complex conjugation we observe that eq. (26) is valid for ρ(g e(ν)i ) as well, if we replace Ω e(ν) with Ω e(ν) and ρ(g e(ν)i ) diag with ρ(g e(ν)i ) diag . As result also U P M N S has to be complex conjugated, see eq.(28). This does not change the mixing angles, but δ CP by π, see eqs. (29) and (30) . In the case of the non-trivial relations between the triplets of A 5 and ∆(384) one can show that these lead to the same set of representation matrices {ρ(g i )} (see appendix A). Thus, from the fact that we perform a comprehensive study of all possible lepton mixing patterns for one particular triplet follows that we find all the possible mixing patterns which can be derived in our framework independently of the choice of the faithful irreducible threedimensional representation.
In the following we discuss the different candidates for G l . Since we are mainly interested in the mixing angles we only present the absolute values of the matrix entries, for which we introduce the notation ||U P M N S ||. We use the freedom in exchanging rows and columns of U P M N S related to the ordering of the lepton masses in order to present the configuration for which the mixing angles are as close as possible to their experimental best fit values; especially, we choose the smallest entry to be the element U e3 . Furthermore, we choose |U e1 | to be larger than or equal to |U e2 | such that the solar mixing angle is smaller or equal to maximal mixing. Similarly, we select the ordering of the second and third rows in the presentation of the matrix ||U P M N S || in such a way that the resulting atmospheric mixing angle satisfies sin 2 θ 23 ≤ 1/2 because its best fit value quoted in the global fit [5] is below 1/2. 9 However, in the text we also mention the result for sin 2 θ 23 for |U µ3 | > |U τ 3 |.
The Jarlskog invariant J CP is calculated as [31] 
for a mixing matrix V and can be written in terms of the mixing angles θ ij and the Dirac CP phase δ CP as
Mixing patterns from A 4
The group A 4 has 12 elements which are distributed into four conjugacy classes:
with a C b denoting a class with a (distinct) elements which have order b. Note the first class 1 C 1 is always the trivial one which only contains the neutral element E of the group. Having four conjugacy classes, A 4 possesses four irreducible representations: three singlets, the trivial one and a complex conjugated pair, and the triplet. The subgroups of A 4 are Z 2 , Z 3 and Z 2 × Z 2 and only the latter two are relevant for us. A representative of the classes a C b , written in terms of the generators S and T is:
The Klein group K is generated by the elements S, T 2 ST and the four different Z 3 subgroups C i by T , ST , T S and ST S, respectively. The latter are all conjugate. We have a unique choice for the group G ν and four different ones for G e . Obviously, in all cases the elements of G ν and G e generate A 4 .
We find a unique mixing pattern
which predicts both solar and atmospheric mixing angles to be maximal and θ 13 to fulfill sin 2 θ 13 = 1/3. This pattern also leads to a maximal Dirac CP phase |δ CP | = π/2 and thus |J CP | = 1/(6 √ 3) ≈ 0.096. Obviously, θ 12 and θ 13 need large corrections in order to be compatible with experimental data. These results have also been found in [16] . The mixing pattern in eq. (32) has been discussed often in the literature, see [32] .
The reason why we do not find tri-bimaximal mixing for G e = Z 3 and G ν = Z 2 ×Z 2 , but instead the pattern in eq. (32) , is that in order to achieve the former pattern the symmetry preserved in the neutrino sector is composed of a Z 2 contained in A 4 and an accidental Z 2 group. This can easily happen in explicit models, if a certain choice of flavour symmetry breaking fields is made [19] .
Mixing patterns from S 4
The group S 4 has 24 elements and five conjugacy classes: 1 C 1 , 3 C 2 , 6 C 2 , 8 C 3 and 6 C 4 . The five irreducible representations corresponding to these classes are two singlets, one doublet and two triplets. Its abelian subgroups are Z 2 , Z 3 , Z 4 and Z 2 × Z 2 . A representative for each of the classes can be written in terms of the generators S and T :
We find four different Klein groups: K which can be generated through T 2 and
As one can check K is a normal subgroup of S 4 and all K i are conjugate to each other. We find four distinct Z 3 subgroups C i which are generated by the following elements: ST , T S, T 2 ST and T ST 2 , respectively. Note all of them are conjugate. The three different Z 4 subgroups Q i are generated by: T , T 2 S and ST S, respectively. Like the Z 3 subgroups, the Z 4 groups are all conjugate to each other.
When computing the mixing patterns we can distinguish three possibilities for G e , namely G e = Z 3 , G e = Z 4 or G e = Z 2 × Z 2 . In the latter case G e and G ν obviously cannot be the same Klein group. We discuss the different cases in turn. Note that in this occasion our requirement to generate the whole group S 4 through the generators of G e and G ν excludes some of the possible combinations, especially if the normal Klein group K is involved.
Using these subgroups we are able to derive only tri-bimaximal mixing
if we apply the constraint that the generators of G ν and G e should give rise to S 4 . An example of G ν and G e is G ν = K 1 and G e = C 3 . The mixing parameters are then sin 2 θ 23 = 1/2, sin 2 θ 12 = 1/3, vanishing θ 13 and J CP = 0. According to recent experimental indications [2] [3] [4] very small values of θ 13 are disfavoured and thus models in which tribimaximal mixing is realized should contain sources of corrections to the prediction θ 13 = 0 so that θ 13 ∼ 0.1 ÷ 0.2 can be accommodated.
Also in this case we find a unique mixing pattern, this time bimaximal mixing
applying the constraint that the generators of G ν and G e should give rise to S 4 . An example of G ν and G e is G ν = K 1 and G e = Q 3 . The mixing angles are then sin 2 θ 23 = sin 2 θ 12 = 1/2, vanishing θ 13 . We find again J CP = 0. In this case, the solar as well as the reactor mixing angle have to undergo appropriate corrections in order to be in accordance with experimental data. Such corrections have to be of the order 0.1÷0.2, which is roughly the size of the Cabibbo angle, see e.g. [18] .
Also in this case only one pattern can be produced, restricting ourselves to cases in which the whole group S 4 is generated, which is again bimaximal mixing as shown in eq. (34) . One possible choice of G e and G ν is G e = K 1 and
Note that all our results coincide with those of [16] .
Mixing patterns from A 5
The group A 5 has 60 elements and five conjugacy classes: 1 C 1 , 15 C 2 , 20 C 3 , 12 C The generating elements of the five distinct Klein groups K i , the six Z 5 subgroups R i and the ten different Z 3 subgroups C i can be found in 
We get the unique mixing pattern
if we require condition f) to be fulfilled. This mixing pattern is generated for G ν = K 1 and G e = C 1 . The mixing angles are vanishing θ 13 and maximal θ 23 together with sin
(3 − √ 5) ≈ 0.127. Obviously, J CP = 0. In this case, especially θ 12 has to acquire large corrections in order to match the experimental best fit value. This pattern is also found in [16] .
In this case all combinations of G ν and G e lead to the mixing pattern 
with tan θ 12 = 1/φ. Again, we find vanishing θ 13 and maximal atmospheric mixing θ 23 together with sin 2 θ 12 ≈ 0.276 and J CP = 0. Moderate corrections to θ 12 and θ 13 are necessary in order to achieve agreement with the experimental data. Such a pattern has been discussed in [20] .
If both sectors are invariant under a Klein group, the unique mixing matrix is 
Excluding the case in which G ν and G e are the same group, we always find the pattern in eq.(37) to be generated. The mixing angles extracted from eq. (5 + √ 5) ≈ 0.724. In this case, none of the three mixing angles is in the experimentally preferred 2σ range [5] and thus in a model, realizing this pattern at LO, all have to receive considerable corrections to make the model viable. 7 . According to its six classes, the group also has six irreducible representations: one singlet, one six-, one seven-, one eight-dimensional representation as well as a pair of complex conjugated triplets. The abelian subgroups relevant for us are Z 3 , Z 4 , Z 2 × Z 2 and Z 7 . We give one representative for each class:
Mixing patterns from
The elements of order 2 form 14 Klein groups K i , while the other elements generate 28 Z 3 , 21 Z 4 and eight Z 7 symmetries, which we call C i , Q i and P i in the following, respectively. The cyclic subgroups are conjugate to each other, while the Klein groups can be divided into two categories. A list of elements generating them can be found in table 6 in appendix B. We find four possible cases to discuss: G e is a Z 3 , Z 4 , Z 7 or a Klein group, while G ν is fixed to be a Klein group through the Majorana nature of the three neutrinos.
If the neutrino sector is invariant under a Klein group and the charged lepton sector under an element of order 3, we find as unique mixing pattern (7+ √ 21) ≈ 0.827. In both cases however, the atmospheric as well as the solar mixing angle necessitate large corrections in order to be compatible with experimental data and the only feature of the LO which reflects the data well is the small value of θ 13 .
Requiring the conditions a)-f) to be fulfilled, the only admissible pattern is 
It is produced, for example, for G ν = K 1 and G e = Q 1 . We extract as mixing angles: sin 2 θ 13 = (4 + √ 7) ≈ 0.738. Again, the atmospheric mixing angle requires large corrections, in order to be in the experimentally preferred range, while moderate ones are sufficient for the solar mixing angle.
In this case the mixing matrix takes the form 
If both, the neutrino and the charged lepton, sectors are invariant under a Klein group, the unique mixing pattern, compatible with our requirements, is
We find for the mixing angles and J CP : sin 2 θ 12 = sin 2 θ 23 = 1/3, sin 2 θ 13 = 1/4 and 
Mixing patterns from ∆(96)
The group ∆(96) has 96 elements and ten conjugacy classes: 1 C 1 , 3 C 2 , 12 C 2 , 32 C 3 , 3 C . Thus, it has also ten irreducible representations which are two singlets, one doublet, six triplets and one six-dimensional representation. The abelian subgroups relevant for our purposes are Z 3 , Z 4 , Z 2 × Z 2 , Z 8 as well as the products Z 2 × Z 4 and Z 4 × Z 4 (see below). We give one representative for each of the classes a C b in terms of S and T : In the following we discuss all possible combinations of G e and G ν = Z 2 × Z 2 case by case. We encounter two new instances: first, we come across situations in which a certain combination of types of subgroups employed for G e and G ν = Z 2 × Z 2 does not allow to generate the original group ∆(96), see e.g. G e = Z 4 and G ν = Z 2 × Z 2 , and second, it can be checked that the generating elements of the groups Q 1 , Q 2 and Q 3 for the faithful irreducible triplets (to which we assign the left-handed lepton doublets) are represented by matrices which have two degenerate eigenvalues. As a consequence, it is not possible to distinguish among the three generations of leptons with these groups and the latter cannot be used as G e . However, we can use them, if we consider G e to be Z 2 × Z 4 or Z 4 × Z 4 . In the first case, Z 4 is one of the three groups Q 1,2,3 and Z 2 is one of the 15 distinct Z 2 symmetries V i contained in ∆(96). In the second case, G e = Z 4 × Z 4 , both Z 4 groups are generated through elements associated with matrices having two degenerate eigenvalues for the irreducible faithful triplets. However, this degeneracy is resolved, if the product Z 4 × Z 4 is considered. Indeed, all three products Q 1 × Q 2 , Q 1 × Q 3 and Q 2 × Q 3 allow to resolve this degeneracy and are admissible because they give rise to a group of order 16. For this reason we also include the cases G e = Z 2 × Z 4 and G e = Z 4 × Z 4 in our discussion.
We find as admissible mixing pattern, if the neutrino sector is invariant under a Klein group and the charged lepton sector under an element of order 3, ≈ 0.045 together with J CP = 0. A viable choice of G e and G ν leading to this 10 We do not discuss all possible types of Z 2 × Z 4 and Z 4 × Z 4 subgroups, but only those in which the Z 4 group alone is not sufficient for distinguishing the three generations of leptons. This procedure is in agreement with our requirement e).
pattern is G e = C 1 and G ν = K 1 . This pattern has already been discussed in [24] , because it is one of the few patterns originating from a non-trivial breaking of a flavour symmetry which leads to small θ 13 , as indicated by the latest experimental data [2] [3] [4] . At the same time, the solar and atmospheric mixing angles are compatible with the preferred values from global fits [5] (5 + 2 √ 3) ≈ 0.651, as already mentioned in [24] . According to [24] we call the mixing pattern arising from the matrix in eq.(42) M2 and the one originating from the exchange of second and third rows in eq.(42) M1.
In this case none of the choices of generating elements of G e and G ν allows us to recover the group ∆(96) itself, but only one of its proper subgroups.
If the original group ∆(96) is generated through the elements of G e and G ν , the resulting mixing pattern predicts bimaximal mixing, see eq. (34) . One possible choice of G e and G ν is G e = O 1 and G ν = K 1 .
Similar to the case in which G e is a Z 4 subgroup we cannot generate the original group ∆(96) with the elements of the subgroups G e and G ν in this case.
As discussed above, we consider the Z 4 subgroup contained in G e to be one of the subgroups whose elements are represented by matrices with degenerate eigenvalues for the irreducible faithful triplet. Then only for bimaximal mixing, see eq. (34), all our requirements are passed. An example of G e and G ν is:
Assuming that only Z 4 subgroups Q 1,2,3 are allowed we see that for none of the possible choices we can generate the original group ∆(96) using the elements of the subgroups G e and G ν .
Mixing patterns from ∆(384)
The group ∆(384) has 384 elements and 24 conjugacy classes: 1 C 1 , 3 C 2 , 24 C 2 , 128 C 3 , 3 C 
We give a representative for each of the classes a C b : Similar to what happens in the case of the group ∆(96) also here the matrices ρ(g) representing the Z 4 generating elements of the groups Q 1 , Q 2 , Q 3 and the ones representing the Z 8 generating elements of the groups O 1 , O 2 , O 3 have two degenerate eigenvalues such that none of these groups can play the role of G e . However, as explained in the preceding subsection products containing these groups can be used as G e . We consider the following cases in our discussion:
and G e = Z 8 ×Z 8 with each of the two factors alone being insufficient to distinguish among the three generations. The latter requirement is imposed in order to meet condition e). We checked that in all cases considered the distinction among the three generations becomes possible and that the group is indeed of the correct order m · n, as expected for a product Z m × Z n .
The mixing pattern, compatible with the requirements stated above, is 
It arises, for example, if we choose G e = C 1 and G ν = K 1 . The values of the mixing angles are: sin
≈ 0.424 and sin 2 θ 13 = 4− √ 2− √ 6 12 ≈ 0.011. The Jarlskog invariant J CP vanishes. Switching the second and third rows of the matrix in eq.(43) leads to sin
≈ 0.576. This has already been reported in [24] and the mixing associated with the matrix in eq.(43) has been denoted by pattern M3, while the pattern M4 is realized, if second and third rows are exchanged in eq.(43). Both patterns, M3 and M4, accommodate the experimental results very well and it depends on the used global fit [5, 7] or [6] which of the two patterns is preferred over the other.
As one can check, in all cases G ν = K or G ν = K i and G e = Q j the elements of G ν and G e do not give rise to the entire group ∆(384), but only one of its proper subgroups is generated.
Also in this case the requirement to generate the whole group through the elements of the subgroups G ν and G e cannot be fulfilled for any choice of Klein group for G ν and Z 8 group for G e .
Requiring the conditions a)-f) to be fulfilled leads to one admissible category of combinations of G ν and G e which gives rise to bimaximal mixing, see eq. (34) . For example, we can take G ν = K 1 and G e = Y 1 .
In the case of both groups, G ν and G e , being a Klein group we cannot reproduce the original group ∆(384) and thus we do not consider such combinations as admissible.
Imposing requirement f) we see that this case is not admissible.
We find one admissible category of choices of G ν and G e . The associated mixing pattern is the bimaximal one, see eq.(34). One possible choice of G ν and G e is:
All choices of G ν = K or G ν = K i and G e being equal to one of the three products, Q 1 × Q 2 , Q 1 × Q 3 and Q 2 × Q 3 , do not meet requirement f) and thus are not considered.
Also in this case all possible choices of G ν and G e in accordance with requirement e) do not fulfill requirement f).
Finally, an inspection of the possible choices of G ν and G e which fall into the present category shows that none is compatible with all requirements imposed at the beginning of this section.
4 Selective results for mixing patterns arising from general G ν
In this section we abandon the requirement that neutrinos are Majorana particles and thus G ν is no longer fixed to be a Klein group, but can be any abelian group which allows to distinguish among the three generations as in the case of G e . We do not intend to repeat a comprehensive study as for G ν = Z 2 × Z 2 and instead only highlight some interesting results and new mixing patterns which we find. The simplest extension of our results, which are obtained under the assumption that G ν is a Klein group, is to consider the case in which the roles of G e and G ν are switched, i.e. G e is a Klein group and G ν an arbitrary subgroup. A quick inspection of the transposes of the solutions ||U P M N S || presented in the preceding section however shows that they do not give rise to any particularly interesting result for the mixing angles.
We are able to produce the mixing pattern in eq.(42) associated with the group ∆(96), if we consider S 4 as flavour group and choose G e = Z 3 and G ν = Z 4 . This result does not depend on a particular choice of the Z 3 and Z 4 groups. This observation is interesting because it allows us to produce a pattern with small θ 13 with the help of the well-known group S 4 instead of using ∆(96).
For G l = A 5 we find that it is possible to generate a pattern in which the solar as well as the atmospheric mixing angle are maximal and at the same time the reactor mixing angle is in the experimentally preferred range. Explicitly, we get 
The reactor mixing angle is sin
≈ 0.0352 and J CP vanishes. This pattern requires that we choose G e = Z 3 and G ν = Z 5 and furthermore, that we make a specific choice, e.g. an admissible one is G e = C 10 and G ν = R 1 .
Also in the case of the group P SL(2, Z 7 ) another potentially interesting pattern can be found, if the condition that neutrinos are Majorana particles is abandoned. Taking G e to be a Z 4 subgroup and G ν to be a Z 7 group we get Similar to the fact that we are able to generate the mixing pattern associated with the group ∆(96) also with the group S 4 , if we assume neutrinos to be Dirac particles instead of Majorana ones, we are able to generate the pattern in eq.(43) associated with the group ∆(384) also with the group ∆(96). This can be achieved for G e = Z 3 and G ν = Z 8 . Note that the pattern does not depend on the particular choice of the groups Z 3 and Z 8 and that the elements of the subgroups G e and G ν always give rise to the original group ∆(96).
Considering the group ∆(384) and G e to be a Z 3 subgroup, while G ν is a Z 16 subgroup, we find two interesting mixing patterns. First, M7. Again, exchanging the second and third rows in eq.(47) gives rise to another value of sin
≈ 0.538 and the pattern is denoted by M8. The first pattern can be generated with G e chosen as C 1 and G ν as Y 5 , while the second pattern arises, for example, from the choice G e = C 1 and G ν = Y 1 . Note that only these two patterns can be generated if we choose G e to be a Z 3 group and G ν a Z 16 subgroup.
As has already been shown in [24] , the patterns in eqs. (42) and (43) can be parametrized as particular deviations from tri-bimaximal mixing, 11 i.e. 48), if α = ±π/48. In all cases the choice of the sign of α corresponds to the exchange of the second and third rows. All patterns have in common that the Dirac CP phase δ CP is trivial. We present these patterns and their compatibility with experimental data [5] graphically in figure 1.
One might hypothesize four possible general formulae for mixing patterns depending on the index n of the group ∆(6n 2 ) which we have explicitly confirmed for n = 2, 4, 8. First we consider the case in which G ν is fixed to be a Klein group, because neutrinos are assumed to be Majorana particles. We find as possible general formulae
and
Note that for n = 2 we find the matrix ||U P M N S || to be equal to the tri-bimaximal one as regards the absolute value, if rows and columns of the former are appropriately permuted. Note further that in all three cases n = 2, 4, 8 the formulae give rise to the same matrix ||U P M N S || up to permutations of rows and columns. In the case of arbitrary G ν , implying that neutrinos are Dirac particles, we can consider the two general formulae
These only lead in the case n = 8 to two distinct patterns, while for n = 2 and n = 4 the patterns are the same up to exchanges of rows and columns.
Comments on quark mixing
One might ask whether it is also possible to derive quark mixing in the same way, as presented for leptons, assuming that the flavour group of the quark sector is G q and that it is broken to G d and G u in the down quark and up quark sectors, respectively. 12 Indeed, one might think of the following possibilities: a) first we can argue, since the CKM mixing matrix is in a rough approximation the identity matrix, that this points to a situation in which G d and G u are the same and thus no non-trivial mixing arises at LO. Such an idea is, for example, realized in certain A 4 models, see [19] , and in a T model [34] .
13 b) we can be more ambitious and can try to explain the (hierarchical) mixing pattern among quarks, i.e. at least two non-vanishing mixing angles, through the mismatch of the relative embedding of G d and G u into the flavour symmetry G q . In this case left-handed quarks have to be assigned, similar to left-handed leptons, to an irreducible triplet of the group G q . c) the third possibility is given by the fact that the CKM mixing matrix contains -in rather good approximation -only one non-zero mixing angle, namely the Cabibbo angle. In this case we immediately see that the three generations of quarks have to be assigned to a two-dimensional and a one-dimensional representation of G q in order to produce only one non-vanishing mixing angle (the other two then have to arise from corrections to this LO setup). This can be understood in the following way: consider a basis in which the matrices representing the elements of G u are diagonal. Then those representing the elements of G d have to have block-diagonal form with (12) and (21) being the only off-diagonal elements that are non-zero. Since the elements of G d and G u are supposed to generate the original flavour group G q we see that we have found a basis in which the triplet representation, to which the lefthanded quarks are assigned, decomposes into a two-dimensional (irreducible) and a one-dimensional representation, because the matrices representing the elements of G u and G d and as consequence those of G q are all in block-diagonal form.
The idea to generate the Cabibbo angle according to possibility c) has been proposed in an analysis of dihedral groups [10, 35] , see also [9] . However, in this context the requirement that the preserved subgroups G d and G u allow for a distinction among the three generations of quarks is frequently not fulfilled, because G d and G u are Z 2 subgroups of G q . Thus, the Cabibbo angle is predicted in terms of group-theoretical quantities, while the other two mixing angles are not constrained and depend on the size of non-zero entries of the up and down quark mass matrices. In certain explicit models such unconstrained entries might be zero or suppressed due to a particular choice of flavour symmetry breaking fields, see e.g. [35] , and thus giving rise to the correct order of magnitude of the smaller two quark mixing angles. In the case of the groups Γ N it is rather simple to comment on the possibilities for quarks: the groups A 4 , A 5 and P SL(2, Z 7 ) do not have irreducible two-dimensional representations. Hence, we only have possibilities a) and b) at our disposal; however, we did not find in our study any mixing pattern with two or three small hierarchical mixing angles.
Consequently, we are forced to assume that in models with G q being A 4 , A 5 or P SL(2, Z 7 ) quark mixing vanishes at LO in our approach. On the contrary, the groups S 4 ∆(24), ∆(96) and ∆(384) have each one irreducible two-dimensional representation. As can be shown, this representation originates from the S 3 factor present in the semi-direct product (Z n × Z n ) S 3 to which the groups ∆(6n 2 ) are isomorphic, see for details appendix A and [29] . Thus, we might expect similar results in all three cases. Concerning the other two possibilities: obviously, possibility a) can always be realized, while we did not find a mixing pattern which favours possibility b).
We can also think of the following situation: if G q ⊂ G l and we are able to generate the original group G l with the elements of the subgroups G e and G ν , we can abandon the requirement that the original group should be generated also through the elements of the groups G d and G u alone. Then cases in which an irreducible triplet representation of G l decomposes into a two-dimensional and a one-dimensional representation under G q become interesting, because this is an alternative way to realize possibility c). One explicit example of such a case can be found for G l = ∆(384) and G q being a subgroup of G l of order 128. Taking G u = Y 8 and G d = K 1 we find for the mixing matrix V CKM arising from the mismatch of the embedding of 
Conclusions
We have pursued the idea that a discrete flavour symmetry G l ⊆ G f is broken to subgroups G ν and G e in the neutrino and charged lepton sectors, respectively, determining the lepton mixing pattern as the mismatch of the relative embedding of G e and G ν into G l , up to a small number of degeneracies. We focussed on the series of finite modular groups Γ N playing the role of G l and have shown that the requirement of having three-dimensional irreducible representations reduces the number of independent cases to six groups Γ N with N = 3, 4, 5, 7, 8, 16. We have performed a comprehensive study for G e arbitrary and G ν = Z 2 × Z 2 , being the maximal invariance group for three generations of Majorana neutrinos. Apart from finding well-known patterns such as tri-bimaximal, bimaximal and the golden ratio mixing we have revealed two interesting patterns predicting θ 13 ∼ 0.1÷0.2 [24] as preferred by the latest experimental results [2] [3] [4] and global fits [5] [6] [7] . We have also presented several promising patterns in the case of G ν arbitrary, as is possible, if neutrinos are Dirac particles. Among them are patterns which lead to bimaximal mixing and small θ 13 at the same time, see eq.(44), as well as further two patterns with small θ 13 and θ 12 and θ 23 in the experimentally preferred range, see eqs.(46) and (47). These two together with three patterns found in the case of G ν = Z 2 × Z 2 can be cast into the form given in eq. (48) showing that they are specific deviations from tri-bimaximal mixing parametrized with one angle α. Their compatibility with experimental data can be read off from figure 1. We have also commented on the possibilities to derive viable patterns for quark mixing following the idea of preserving non-trivial subgroups in the down quark and up quark sectors in general as well as focussing on finite modular groups being the flavour symmetry.
A Additional information on the presented groups
In the first subsection we show that the transformations found in the case of the groups A 5 and ∆(384), respectively, which relate the generators of the inequivalent faithful irreducible three-dimensional representations lead to the same set of representation matrices. In the subsequent subsections additional information on the groups is presented; especially, we prove the equivalence between the definitions of the groups S 4 ∆(24), ∆(96) and ∆(384) given here and the one found in [29, 30] .
Equivalence of different triplets with respect to fermion mixing
Two of the groups considered in our analysis, A 5 and ∆(384), possess inequivalent faithful irreducible three-dimensional representations ρ 1 and ρ 2 which are related by
where
Both {S, T } and {S , T } satisfy the relations of the corresponding group, see eqs. (18) and (23), respectively. We show that ρ 1 and ρ 2 are associated with the same set of representation matrices. Since both sets {S, T } and {S , T } can be chosen as generators of the group G, a set of functions M i (i = 1, ..., |G|) exists of the form
such that the two sets
represent the group G. As a consequence, they have to be equal, up to a permutation of their elements. Therefore the sets of matrices G 1 = {ρ 1 (g i )} and G 2 = {ρ 1 (g i )} also coincide. Furthermore we have ρ 2 (g i ) = ρ 1 (g i ) ,
because ρ 1 (g i ) = ρ 1 (M i (S , T )) = M i (ρ 1 (S ), ρ 1 (T )) = M i (ρ 2 (S), ρ 2 (T )) = ρ 2 (M i (S, T )) = ρ 2 (g i ) .
Thus, the sets G 1 = {ρ 1 (g i )} and G 2 = {ρ 2 (g i )}, explicit realizations of the group G in terms of matrices for the representations ρ 1 and ρ 2 , respectively, are the same.
S 4
We briefly comment on the relation of the generators S and T used in the present paper to define the group S 4 ∆(24) and the definition of the groups ∆(6n 2 ) as given in [29, 30] which is based on the fact that
i.e. the groups ∆(6n 2 ) are isomorphic to the semi-direct products of S 3 and Z n × Z n . Thus these can be defined in terms of four generators a, b, c and d fulfilling the relations
As one can see, a and b generate S 3 and c and d a Z n group each. For S 4 , we find that a, b, c and d can be expressed through S and T as
Such a set of relations is not unique and can only be defined up to similarity transformations applied to the right-hand side of these relations.
∆(96)
We note that several of the generating elements of the subgroups of ∆(96) commute, especially the generators of Q 1,...,6 all commute. Furthermore it holds that the elements of Q 1 commute with those of the groups Q 9 and Q 12 , respectively. Similarly, the elements of Q 2 commute with those of Q 8 and Q 11 and the elements of Q 3 with those of Q 7 and Q 10 . We also note that the elements of the Klein groups K i commute with the elements of a Z 4 subgroup: the ones of K 1 commute with the ones of Q 10 , the ones of K 2 with those of Q 12 , similarly the ones of K 3 with those of Q 11 , the ones of K 4 commute with the ones of Q 7 , the ones of K 5 with those of Q 8 , as well as the ones of K 6 with those of Q 9 .
Concerning the equivalence of the definition of the group ∆(96) in terms of the generators S and T and the definition in terms of a, b, c and d, see eqs. (61)- (63): we can express the latter using S and T [24] , namely
and these fulfill the relations in eqs.(61)-(63).
∆(384)
In the case of ∆(384) various of the generating elements of the Z 4 and Z Since ∆(384) is a member of the series ∆(6n 2 ) all statements made in the preceding subsections concerning the possible definition of the group through the set of generators a, b, c and d also hold and a possible identification in the case of ∆(384) is [24] 
which satisfies eqs.(61)-(63).
B Tables of subgroups for A 5 , P SL(2, Z 7 ), ∆(96) and ∆(384)
In the tables below all subgroups relevant for our discussion can be found together with their generating elements expressed in terms of S and T . 
Subgroup Generators Subgroup Generators
Z 2 × Z 2 K 1 S, T 2 ST 3 ST 2 Z 3 C 1 ST K 2 T 4 ST , ST 3 ST 2 S C 2 T S K 3 T ST 4 , ST 2 ST 3 S C 3 T ST 3 K 4 T 2 ST 3 , ST 2 ST C 4 T 2 ST 2 K 5 T 3 ST 2 , T ST 2 S C 5 T 3 ST Z 5 R 1 T C 6 ST 3 ST R 2 ST 2 C 7 ST 2 ST 3 R 3 T 2 S C 8 ST 3 ST 2 R 4 T ST C 9 ST 2 ST 4 R 5 T ST 2 C 10 ST 2 ST 2 S R 6 T 2 ST
